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Abstract 
In the present paper, analysis of a single degree of freedom spring-mass-damper primary system with a piezoelectric based dynamic 
vibration absorber (DVA) is carried out. The proposed DVA model consisting of a lead zirconate titanate (PZT) actuator which is 
connected in series with a spring. The analysis is done in two section by considering a static force and a harmonic force acting on 
the primary system respectively. In the first section linear stiffness is considered in the primary mass and in the second section 
cubic nonlinear stiffness along with the linear stiffness is considered. The voltage applied to the stack PZT actuator is considered 
to be proportional to the acceleration of the primary mass. Method of multiple scales (MMS) is used to obtain the system response 
in the nonlinear analysis and compared with linear analysis. For linear system optimum system parameters of the absorber are 
obtained using fixed point theory of optimization and Routh’s stability criterion is used for stability analysis. Primary resonance 
condition is studied in the nonlinear analysis. In the proposed model as a spring is connected in series with PZT actuator for which 
force developed by the absorber to suppress the vibration of the primary system is not solely depend upon the voltage, so one can 
use small voltage to reduce the vibration of primary system.   
 
© 2016 The Authors. Published by Elsevier Ltd. 
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1. Introduction 
Dynamic vibration absorber (DVA) have been well researched over the past decades [1] showing various 
applications in the field of engineering systems. But still suppression of vibration by the DVA is an active area of 
research as large number of recent literature review papers [2-8] are available in this field. Various optimization 
techniques [9, 10] have been developed to minimize the peak amplitude of the primary vibrating system by attaching 
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the tuned mass damper to the primary system. Different vibration absorption models [11-14] have been developed to 
reduce the peak and valley height of the frequency response curve and also maximum amplitude of the primary system. 
Many vibration absorber recently use various smart material like piezoelectric in stack and patch form to mitigate the 
vibration of the single degree of freedom (DOF) multi DOF and in continuous system and also harvesting energy from 
the system [15-17]. These vibration absorber are known as Active vibration absorber which uses sensor and actuator 
to provide counteracting force to the vibrating primary system to reduce to its vibration. Ji [18] used MMS for 
analyzing and studying different resonance condition of a nonlinear passive vibration absorber (PVA) with a nonlinear 
SDOF system vibrating with harmonic excitation. Nonlinear analysis of various absorber model with SDOF and 
MDOF are also studied in [19, 20] by considering multiple harmonic force and parametric excitation forces acting on 
the primary system. However the nonlinear analysis of the active vibration absorber with PZT actuator is not explored 
more. In the proposed model the PZT actuator is connected in series with the absorber by a spring which are not 
present in the previous literatures. So by this type of model one can use a higher order stiffness value for the absorber 
to produce more controlling force without much increase in the voltage provided to the actuator. This work will be an 
extension of [21] where linear analysis is carried out and nonlinear analysis with displacement feedback is done.  
2. Mathematical Modelling 
A non-linear single degree of freedom primary system to which an active DVA is placed is shown in Fig. 1. (a) 
The block diagram of the acceleration feedback on the primary system is shown in Fig. 1. (b). Here ,i im c and ik
denotes mass, damping and stiffness of the primary system and the DVA respectively for i =1, 2. 3k  and 
P
Ek  denotes 
the stiffness of the absorber and piezoelectric actuator respectively.  F t  is the force acting on the primary system.
1x and 2x  are the displacement produced in the primary mass and absorber respectively. 
                                                                     
 
 
 
 
 
 
 
 
Fig. 1. (a) Piezoelectric stack actuator based Hybrid vibration absorber; (b) block diagram for acceleration feedback of the primary mass. 
2.1. Linear system analysis 
 The equations of motion of the system in the Fig. 1. (a) can be compared with [9] but here as  a spring of stiffness 
3k  is attached in tandem with the PZT actuator of stiffness of 
E
Pk  the actuating force developed will be different than 
[9]. So the modified equations of motion can be written as  
       1 1 1 1 2 1 2 1 1 2 1 2 1 0 2 ,rm x k x k x x c x c x x F t k x xGs c c c                                                                                        (1) 
               2 2 2 2 1 2 2 1 1 0 2 ,rm x k x x c x x k x xGcc c c                                                                      (2)            
where   3 3/E Er P Pk k k k k  and 33o nd vG       
The nominal displacement of the stack actuator [10] is oG , where n is the number of wafer used in the stack actuator  
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Q  is the applied voltage and 33d  is dielectric charge constant.  
Recasting equations (1) and (2) into respective non-dimensional forms one writes,                
 21 1 1 1 2 2 22 2X X X X X f k[ P [ P W OX   :  :                                                                                         (3) 
 22 2 2 12 /X X X X k[ OX P:  :   
.                                                                                                          (4) 
The non-dimensional parameters used in Eq. (3) and Eq. (4) are 
           
         
1 1 2 2 2 1 1 2 1 2 2 2 2 1 1 1
2 2 0 33 1 1 2 2 2
/ , / , , / , / , / 2 , / 2 ,
/ , / , / , / , /
o o r o
o o o o r
X x x X x x X X X k k k m m c m c m
nd v x v v k m k k m
P [ Z [ Z
Z Z O X Z Z
        
:      
 
0x   and 0Q  are reference displacement and voltage quantity. The ‘dot’ denotes differentiation with respect to the non-
dimensional time 0tW Z . Considering the effect of acceleration feedback of the primary mass is analysed, where as 
in [4] displacement and velocity feedback were considered.  The control block diagram of the system is shown in Fig. 
1. (b), with control gain ‘ ck ’ and accordingly the control law is written as 1ck XX   . Taking Laplace transforms to 
the Eq. (3) and Eq. (4), the frequency response of the transfer function of the primary mass is obtained as  
     
2 2
2 2 2
4 4 2 3
4 2 0 1 3
2jG j
b b b j b b
Z [ ZZ Z Z Z Z
:   :                                                                                                        (5) 
where the coefficients 4 3 2 1, , ,b b b b  and 0b  are expressed as 
2 2 2 2
4 3 2 2 1 2 2 2 2 1 2 2 2 1 1 2 2 2 0 2, 1 , 2 2 2 , 4 1, 2 2 ,ck k b b b b bD O D [ [ [ P [ [ P [ [    :   :  :  :  :   :  :  :   
 Obtained the optimal tuning ratio, damping ratio by using fH  optimization technique as    22 1 / 1D P:    and 
the optimum damping ratio as referred from [9]. The stability of the system is found by using  Routh’s stability 
criterion, which showed for the particular range of  the control force 10 D  the system is stable where the roots of 
the characteristic Eq. (5) is negative real and complex.  
2.2. Nonlinear Analysis 
In this section nonlinear analysis has been carried out by considering additional non-dimensional cubic nonlinear 
stiffness of 11k  present in the primary system and harmonic force  cosf W:  is acting on it. So the modified non-
dimensional Eq. (3) and Eq. (4) can be written as  
 2 2 31 1 1 1 2 1 2 2 2 2 1 2 2 2 11 12 2 2 cosX X X X X X X k X f k[ P P [ P [ P W OX   :  :  :  :   :                  (6) 
 2 22 2 1 2 2 2 2 1 2 2 22 2 /X X X X X k[ [ OX P: :  :  :  
                                                                               (7) 
Considering acceleration feedback on the primary system and accordingly control law is written as 1ck XX   . 
Substituting this value and rearranging the reduced non-dimensional by considering book keeping parameter ‘ H ’ the 
modified equations motion can be written as. 
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2 3 2 2
1 0 1 1 1 1 2 2 2
ˆˆ ˆˆ cosX X X kX X X FZ H[ H H P H [ H W      :
                                                                        (8) 
 2 22 2 2 2 1 2 2 1 2 1/ 2X X X X X XH9 D P [:     : :
                                                                                (9) 
Analysing the right part of the Eq. (9) developed due to the applied counteracting force on the primary system. These 
right hand side terms which consists of inertia, damping and displacement term of the primary system can be 
considered as forcing term.  Assuming this force to be a combination of harmonic force and parametrical excited force 
and the corresponding equation can be written as 
2
2 2 2 2 2 1 3 1 1cos cosX X X F F XH9 H W H W:   :  :
                                                                                      (10) 
The forcing term 2F  and 3F  are evaluated by first solving the Eq. (8) then substituting the values of 1X  in the Eq. 
(9) where the non-dimensional parameters are 
         
     
2 2 2
0 2 2 1 1 2 2
2
2 2 2 11 2 2 2
ˆˆ, 1 / 1 , / 1 , 2 2 / 1
ˆˆ 2 / 1 , / 1 , / 1 , 2
ck k
k k F f
D O Z P D P P H D [ [ [ P H D
[ [ P H D H D D 9 [
   :   :    : 
 :       :
 
The ‘dot’ denotes differentiation with respect to the non-dimensional time 0tW Z . MMS is used to obtain the 
approximate solutions of the Eq. (8) and Eq. (9) by considering the perturb solution as    1 10 0 1 11 0 1, ,X X XW W H W W 
and    2 20 0 1 21 0 1, ,X X XW W H W W   The time scales can be written as nn tW H , with n =0, 1, 2,...Time derivatives along 
different time scales lead to the differential operators 0 1/d dt D DH  and 2 2 20 0 1/ 2d dt D D DH  Substituting the 
proposed solutions  1 0 1,X W W and  2 0 1,X W W  into Eq. (8) and Eq. (10) and equating same power of H  yields the 
following set of partial differential equations are obtained. 
0H :  2 20 0 10 0D XZ            (11)         and              2 20 2 20 0D X:                                                      (12)  
1H :    2 2 30 0 11 0 1 10 1 0 10 10 0ˆˆ2 cosD X D D X D X kX FZ [ W      :                                                              (13) 
 
     2 20 2 21 0 1 20 2 0 20 2 1 0 3 10 1 02 cos cosD X D D X D X F F X9 W W:     :  :
                                            (14) 
The solution of Eq. (11) and Eq. (12) may be written as follows 
   10 1 1 0 0expX A i ccW Z W           (15)         and        20 2 1 2 0expX A i ccW W :                                       (16) 
where 1A and 2A are unknown complex functions of non-dimensional time 1W  and ‘cc’ stands for complex conjugate of 
preceding terms. Substituting Eq. (15) and Eq. (16) into Eq. (13) and Eq. (14) by considering primary resonance 
condition i.e. when  0 1 0Z HV W:     and  1 2 2 0HV W:  :   the corresponding equation is modified as  
           0 0 1 10 0 0 0 0 0 32 20 0 12 1 0 1 1 0 1 1ˆˆ2 / 2ii i iD X D i A e i A e k A e cc Fe Z W V WZ W Z W Z WZ Z [ Z                          (17) 
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0 2 2 02 2 02 0 2 02 20 2 21 2 1 2 2 2 2 2 3 12 / 2 / 2iii iD X i D A e i A e F e F A e Z HV WHV WW W9 : : : ::   :  :        (18) 
obtaining the secular terms leads to the following differential equation 
 1 121 1 0 1 0 1 1 1ˆˆ2 3 / 2iD A i i A kA A Fe V WZ [ Z       (19)     and     2 11 2 2 2 2 2 22 / 2iD A i i A F e V W9:   :             (20) 
 eliminating secular term the Eq. (21) and Eq. (22) reduces to 
 0 033 211 1 0ˆ / 8iX kA e ccZ W Z                       (21)   and           0 2 2 021 3 1 / 2iX F A e ccZ HV W:                       (22) 
The amplitude functions 1 2 and A A  may be expressed in polar form as 12 1
1
2
iA a e E , 22 212
iA a e E . Where 1a , 2a , 1E
and 2E are real functions of the time 1W  and 2W , which may be transformed into autonomous system by letting 
1 1 1 1J V W E  and 2 2 2 2J V W E  . Substituting 1 2 and A A  into Eq. (19) and Eq. (20) and separating real and 
imaginary part leads to following sets of equation. 
   31 1 1 1 1 1 0 1 0ˆ3 / 8 cos / 2a a k a FJ V Z J Zc     (23)   and         1 1 1 1 0ˆ / 2 sin / 2a a F[ J Zc                        (24) 
         (25)    and          2 2 2 2 2/ 2 sin / 2a a F9 Jc    :                 (26)        
The steady state response of the system are computed by making 1a c , 2a c , 1J c and 2J c= 0. Solving the equations 
amplitude response as function of detuning parameter 1V  may be written as 
      2 2 2 2 21 1 0 0 1 1ˆ ˆ3 / 8 / 4 / 4ka F aV Z Z [ r     (27)      and            2 2 2 22 2 2 2/ 4 / 4F aV 9 r :    (28) 
Hence the solution of the Eq. (8) can be written as 
       3 21 1 1 0ˆcos / 32 cos3X a ka OW J H Z W J H :   :                                                                            (29) 
Substituting the value of 1X in the Eq. (9) 2F is determined as   2 22 1/ aHD P: :  and 3F  as 
  2 32 0 13 /16 aHD Z: :  .  
3. Results and discussions 
3.1. Linear system analysis 
Considering the ratio of secondary mass to primary mass P  equal to 0.05 the numerical analyses have been carried 
in this work. The damping parameter of the primary system is taken to be zero. The effect of the control force D on 
the frequency response characteristics of the primary system is shown in the Fig. 2, which shows that as the value of 
D  increases the vibration amplitude is reduces. When D is taken as 0.0001 amplitude is found to be 6.45 times the 
 2 2 2 2 2 2 2cos /2a a FJ V Jc   :
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static deflection of the primary mass as shown in the dotted line. This can happen when there will be some electronic 
malfunction occur in the system but due to the optimum parameter of the absorber the resonating vibration amplitude 
will not very large. But when D taken as 0.99 amplitude reduces to 1.15 times the static deflection of primary mass 
within the stability region in the broader frequency region as shown in thick line. The optimum damping ratio 2[ in the 
absorber is found to be 0.474. It is observed that if the optimum damping ratio parameter is not taken then primary 
system amplitude is very large irrespective of the increasing damping ratio of the absorber when there is no applied 
controlling force. So it is suggested to use optimum value for suppressing the vibration of primary system.  
 
 
 
Fig. 2. Frequency-response plots of the primary system with acceleration feedback of the primary mass by linear analysis. 
3.2. Nonlinear system analysis 
Fig. 3. (a) shows the effect of the amplitude of the primary mass with addition cubic nonlinearity as in Eq. (27) 
with damping ratio of the primary mass taken as 0.04 while all other parameters are kept same as the linear analysis. 
The observation are taken when D is 0.0001and 0.99. It can be observed that whenD is 0.0001 then the amplitude is 
very high as shown in dotted line and reduces to 0.106 when the D increases to 0.99 as shown in thick line. Fig. 3. (b) 
shows when the  nonlinearity used in the spring stiffness is increased, which bends the frequency response curve 
showing hardenig effect due to which one can observe multiple solution and stability and unstability region. The time 
responses for primary system is shown in Fig. 3. (c) which is obtained using Eq. (6) and Eq. (7). For obtaining the 
response optimum parameter and controlling parameter as obtained in the formulation is used. It is observed that 
amplitude of displacement response decrease with time with and without the application of controlling forceD . But 
the settling time of the primary system by the application of D is faster and it is around 14 non-dimensional time as  
 
  
 
 
 
 
 
 
 
 
 
 
 
Fig. 3. Frequency response curves for primary system (a) differentD  (b) different nonlinearity (c) time domain response curve.  
 
shown in red line to 0.05 non dimensional amplitude whereas without controlling force its takes much longer time to 
settle as shown in blue line. From Fig. 3 (c). it can be observed that the response obtained by using the method of 
multiple scales is in good agreement with the numerically solved temporal equation of motion. In Fig. 4. frequency 
response of the absorber  is analysed under primary resonance condition. It can be observed that asD  increases the 
(a) (c) (b) 
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corresponding amplitude of absorber also increases. When D  of 0.0001 is applied the amplitude of the absorber is 
0.56 whereas whenD of 0.99 is appllied than the amplitude is incresed to 1.32.  
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 4.  Frequency response curves of the absorber with different values ofD . 
4. Conclusions 
In the present paper, active vibration absorber with acceleration feedback for both linear and nonlinear analysis is 
investigated by considering a new model. The proposed model comprises a conventional dynamic vibration absorber 
in tandem with a PZT stack actuator to provide the active control force. Optimum parameters for the absorber 
configuration obtained using fixed point theory and Routh’s stability criterion is used for stability analysis. From the 
linear analysis it is found that the amplitude of the primary system without active force is 6.45 to the static deflection 
but its amplitude reduces to 1.15 times the static deflection when controlling force is applied within the stability region 
of operation. Nonlinear analysis also investigated by considering a cubic nonlinear stiffness along with the linear 
stiffness in the primary system. In the nonlinear analysis the amplitude of the primary system is found to be 0.106 for 
the primary resonance condition when harmonic force is acting on it. Time domain analysis of the primary system is 
carried out showing effectiveness vibration suppression by the application of controlling force. In the proposed model 
as a spring of stiffness is used in series with the actuator so one can increase the controlling force without increasing 
the piezoelectric stiffness or the voltage parameter, so the purposed model is more economical as controlling force 
parameter is not merely depend upon voltage regulation and also the model is fail-safe design. When the control is on, 
the system performs better than the passive DVA. However, in events of failure of the active part, the optimal passive 
absorber can still protect the system from being damaged due to severe vibration. 
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